Scalar field cosmology with a causal viscous fluid by Sen, A A et al.
Scalar field cosmology with a causal viscous fluid
A. A. Sena, Indrajit Chakrabartyb and T. R. Seshadric
Mehta Research Institute, Chhatnag Road, Jhusi. Allahabad 211 019 India
(May 26, 2000)
We have investigated cosmological models with a self-interacting scalar field and a causal viscous fluid as the
sources of matter. Different variables are expressed in terms of a generating function. We have shown that
one can generate different kinds of potentials by suitably choosing the generating function. Exact solutions are
obtained for one particular case for which the form of the potential is the usual symmetry breaking one. With
suitable adjustment of the parameters, we have shown that the solutions approach the de-Sitter universe in late
times. We have also shown that this late time de-Sitter solution is stable.
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I. INTRODUCTION
Most of the processes in astrophysics and cosmology can
be described by a perfect fluid in equilibrium which does not
generate any entropy or frictional type of heating. But the
evolution of the universe has a number of dissipative pro-
cesses [1]: (a) when neutrinos decouple from cosmic plasma
(t ’ 1sec; T ’ 1010K), (b) when photons decouple from
matter (t ’ 1012sec; T ’ 103K), (c) at the time of forma-
tion of the galaxies, (d) when a superconducting string moves
in a magnetic field, (e) during particle creation in the early
universe, (f)accretion of matter around a neutron star or black
hole, etc.
The first standard theory dealing with the thermodynam-
ics of a relativistic fluid was developed by Eckart [2] in 1940.
However, this theory was not satisfactory as it violated causal-
ity. Furthermore, equilibrium states are unstable for the first
order nature of the theory. A relativistic second order theory
was proposed by Israel [3] and Israel and Stewart [4] and also
by Muller [5] independently. It is now widely accepted that
this second order theory is causal and stable although it is re-
stricted upto small deviations from the equilibrium.
The only form of dissipative mechanism compatible with
the isotropy and homogeneity of the observable universe is
bulk viscosity. The possibility of obtaining bulk viscosity
driven inflationary solution for the Einstein’s equations was
originally proposed by Diosi et.al. [6]. They found that viscos-
ity which is expected to be present just after phase transition,
can generate an exponential expansion and dilute monopoles
below the observational limit. Later, Hiscock and Salmonson
[7] pointed out that inflation driven by bulk viscosity occurs
in the pathological first order theory of Eckart as well as in
the second order truncated causal theory. But subsequently
Zakari and Jou [8] and Maartens [9] have found bulk vis-
cous inflationary solutions in full causal theory as well. For
a detailed discussion on bulk viscosity with a causal transport
equation one can refer to an excellent review by Maartens [9]
and the references therein. Recently, Maartens and Mendez
[10] have formulated a generalisation of the Israel-Stewart
theory into the nonlinear regime. There also exists a relativis-
tic description for non-equilibrium thermodynamics called the
“GENERIC” approach which is not restricted to small devia-
tions from equilibrium [11].
On the other hand, the recent measurement of the
luminosity-redshift relation observed for Type Ia supernovae
[12] suggests that the missing energy of the universe should
have a negative pressure with a equation of state (w = p=).
One of the possiblities is that this missing energy is vacuum
energy or cosmological constant  for which w = −1. An-
other possibility is “Quintessence” [13], a dynamical, slowly
evolving, spatially inhomogenous component with negative
pressure. An example is a time evolving scalar field slowly
rolling down its potential [14]. Recently a new form of
quintessence called the “tracker field” has been suggested
which has an equation of motion with an attractor-like solu-
tion in a sense that for a wide range of initial conditions the
equation of motion converges to the same solution [15].
There are a few cosmological solutions for bulk viscosity
together with a self-interacting scalar field [16]. In one of
these solutions, Banerjee and Sen have assumed a specific
form of the scale factor and tried to calculate the form of the
potential. In the other work, Chimento et.al. have used the
non-causal Eckart theory.
In this work, we have tried to obtain the exact cosmological
solution for a causal viscous fluid together with a scalar field
in the full causal Israel-Stewart theory. We have neither as-
sumed the behaviour of the scale factor nor have we assumed
any specific form of the potential. Rather we have written all
the variables in terms of what we call the “generating func-
tion”. For this we have followed the method described by
Chimento et.al. [17] with some additional assumptions. We
have shown that one can have wide variety of potentials for
different choices of the generating function. We have pro-
ceeded with a particular choice of the generating function for
which the potential is the usual symmetry breaking potential.
We have shown that for a specific choice for the different pa-
rameters, our solutions approach the de-Sitter like solution at
late times for a wide range of initial conditions. We have also
shown that this solution is stable. The behaviour of different
physical paramaters are studied and seems to be in accordance
with observational findings.
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II. BRIEF REVIEW OF NON-EQUILIBRIUM
THERMODYNAMICS
The energy-momentum tensor of a dissipative fluid has bulk
viscosity as the only dissipative component and it can be writ-
ten as
Tµν = uµuν + (p + ) hµν ; (1)
where uµ is the four-velocity vector of particles of the fluid
having an energy density , thermodynamic pressure p, bulk
viscous pressure  and hµν = gµν + uµuν is the projection
tensor. Here, we choose Eckart’s frame, i.e., uµ is taken to be
the velocity of particle transport. The number density of parti-
cles n is also taken as one of the fundamental thermodynamic
variables, which can be measured by an observer comoving
with the fluid. The entropy per particle S (also called specific
entropy) can be associated with the fluid using the first law of
thermodynamics and making measurements in different equi-
librium configurations. Values of S for different values of 
and n is called the equation of state
S = S(; n): (2)
The first law of thermodynamics, i.e., Gibb’s equation relates












Any covariant thermodynamic description of dissipative fluid
involves this energy-momentum tensor Tµν , particle flux
Nµ = nuµ and the entropy four-current Sµ, together with
the particle number conservation, conservation of the energy
momentum tensor and the covariant form of the second law of
thermodynamics
T µν;µ = 0; (4)
Nµ;µ = 0; (5)
Sµ;µ = 0: (6)
The first two conservation equations become
_ +  ( + p + ) = 0; (7)
_n + n = 0; (8)
where we have used the expressions _ = ;µuµ and uµµ =
. The next task is to model the entropy current Sµ. In the
standard Eckart’s theory, the entropy current Sµ is
Sµ = NµS = Snuµ: (9)
Then using the above equations, we can write




The simplest way to satisfy the second law of thermodynam-
ics, i.e., Sµ;µ  0 is to assume  = − where  is a positive
parameter and is known as the coefficient of viscosity. We
then have




This model is not satisfactory for several reasons: it violates
causality, there is an inherent short wavelength secular insta-
bility and perturbations do not have well-posed initial value
problem.
In order to overcome the problem of noncausal propaga-
tion of fluctuations in Eckart’s theory, Muller [5] and Israel
[3] and subsequently, Israel and Stewart [4] proposed a gener-
alised theory called “extended” irreversible thermodynamics.
Later, Hiscock and Lindblom [18] has shown this theory to be
causal and stable under physical conditions. The theory pro-
posed that the equation(9) is valid only in an equlibrium state.
Hence we should expect the entropy density to differ from Sn
by terms which will tend to zero for a fluid in equilibrium.
Israel and Stewart assumed the effective specific entropy of
the nonequilibrium state to be deviated by second-order terms
from the equilibrium:
S = S0 − 2nT 
2; (12)
where S0 is the equilibrium specific entropy,  is the relax-
ation time, T is the equilibrium temperature, and  is the coef-
ficient of viscosity. This assumption, together with the Gibb’s
relation (3) for S0, (8) and (7) leads to entropy balance equa-
tion together with the entropy production:























To satisfy the second law of thermodynamics, i. e., Sµ;µ 
0, Israel and Stewart assumed a linear relation between  and
 :
 = −; (15)
which leads to the famous Israel Stewart transport equation:














 = 0 gives back Eckart’s theory. When the term in the
bracket vanishes, we get back the Maxwell-Cattaneo equation
for truncated causal theory. Using (15) in (13), we obtain an






III. FIELD EQUATIONS AND THEIR SOLUTIONS
A. Field Equations
Let us consider a homogenous, isotropic, spatially flat FRW
universe with a line element




where a(t) is the scale factor. As a matter source, we have a
massive scalar field with a self-interacting potential V ()





,α + V ()
)
; (19)
together with a dissipative fluid having bulk viscosity as the
only dissipative term:
Tµν = uµuν + hµν (p + ) ; (20)
where  is the energy density, p is the equilibrium pressure,
 is the bulk viscous pressure, and hµν = gµν + uµuν is the
projection tensor.
The independent field equations for the system are







_2 + V + ; (22)
together with the conservation equation (7). After some
straightforward calculations one can construct the equation
2 _H = − _2 − ( + p + ) : (23)
For the de-Sitter universe, i.e., _H = 0 and therefore the sys-
tem of equations become




_2 + V () + ; (25)
− ( + p + ) = _2; (26)
where H = H0 = constant. With _ = 0, all the variables
; p;  are constants if one assumes an equation of state of the
form p = p(), and this is the case discussed previously by
Maartens [9]. However, with _ 6= 0, the variables are not
necessarily constants. Using (26) in (24), we can write
d
d
= 3H0 _: (27)
Now, with _ = G(), we can have different types of be-
haviours for the variables for different choices of G(). In
what follows, we will not proceed with the case _H = 0, but
we will concentrate on the inflationary solutions with _H 6= 0.
For _H 6= 0, the system consists of three equations, viz.,
(7), (22) and (23) and we have six unknowns, H; ; V (); ; p
and . Hence, one has to assume three constraint equations in
order to have a closed system. We first assume
 + p +  = m _2; (28)
where m is an arbitrary constant. We have to make it clear
that this choice does not come from any physical points of
view but we have assumed it to make the system of equations
simpler and to see whether such a choice leads to any physi-
cally acceptable solutions.




= −(m + 1)G(); (29)
where G() = _.
Under the different choices of G() which we term as the
“generating function”, one can solve the system as follows:
H() = − (m + 1)
2
∫











V () = 3H2()− 1
2
G()2 − (); (33)
p +  = mG()2 − (): (34)
With the assumption of an equation of state p = p(), one
can calculate  also. Hence our main aim is to choose G()
properly to have some physically acceptable behaviour for dif-
ferent variables. Below we have listed the different kinds of
potentials that can be obtained with different choices of the
generating function G(). We have listed a few but one can
have other kinds of potentials by suitably choosing the G().
G() V ()







4 − ω22 4 + V0
A exp() B exp(2)
C cosh(λφ2 ) D + E cosh()
3
B. Exact solutions for G() = !
In this case, the exact solutions are
(t) = 0 exp(!t); (35)
H(t) = − (m + 1)
4
!20 exp(2!t) + H0 (36)



































(! + 3H0) : (40)
To have an expanding universe, one must have H > 0, for
which either m < −1 or ! < 0. We proceed with the case
! < 0 which eventually gives a de-Sitter like behaviour for
late times with a positive cosmological constant. The be-
haviour of the potential is shown in figure (1). It is a typical
symmetry breaking potential much discussed as far as topo-
logical defects and inflation is concerned. It has an unstable
local maxima at  = 0 and two stable minima at  = 0:5 and
 = −0:5. The scalar field rolls down from  = 1 through
the minimum of V where  > 0 before coming to rest at
 = 0.









FIG. 1. Behaviour of the potential with 
Again if one chooses p = (γ − 1), where 1  γ  2, then
the bulk viscous pressure will be






− 3γm(m + 1)
16
!240 exp(4!t): (41)
IV. BEHAVIOUR OF THE SOLUTIONS
To illustrate the behaviour of the solutions, we have as-
sumed the value of the different arbitary constants appearing
in (35)-(41) as ! = −1, 0 = 1, m = 1, H0 = 0:2 and
a0 = 1.
The behaviour of the scale factor with time is shown below
in figure (2) from which we can see that the universe is always
expanding.









FIG. 2. Behaviour of the scale factor a(t) with time
To see the nature of the expansion, one has to check the
behaviour of the deceleration parameter which is shown in the
figure (3).











FIG. 3. Behaviour of the deceleration parameter with time
It can be seen from the plot that there was an inflationary
period in the early universe. After that, there was an interme-
diate deceleration phase, and finally universe becomes accel-
erating with q approaching −1 which is in accordance with
the recent observational evidence of an accelerating universe.
It can be also seen from the behaviour of the equation of state
for the scalar field w = (12 _
2 − V ())=(12 _2 + V ()) in fig-
ure (4) that in late time w = −1 which essentially supports
the existence of a cosmological constant. From figure (5)
one can see that asymptotically the scalar field energy den-
sity (1 = 12 _2 + V ()) surpasses the matter energy density() and becomes the dominant component which is essential
for so-called “Quintessence models”.
The viscous pressure  also varies with time and its varia-
tion is shown in figure 6. It can be seen from the figure that
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FIG. 4. Behaviour of w with time









FIG. 5. Behaviour of  and 1 with time
initially the universe is out of equlibrium due to negative bulk
viscous pressure and then there is an intermediate equilibrium
state with  = 0, after which it again evolves out of equi-
librium for a short period and finally reaches the equilibrium
with  = 0 in late times. To calculate the temperature, one












FIG. 6. Behaviour of viscous pressure for γ = 1 and for γ = 4=3
with time
has to use the transport equation(16). For this, one has to as-
sume some functional form for the bulk viscous coefficient 
and for the relaxation time  . The phenomenological model
 = ζρ has been assumed so as to ensure that the viscous sig-
nal does not exceed the speed of light in the truncated theory
[19]. We have also assumed −1 = kH where k < 1 to en-
sure that the viscous pressure is non-thermalizing [20]. The
behaviour of the temperature with time is shown in figure (7).
One can also calculate the rate of change of specific entropy
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FIG. 7. Behaviour of temperature with time
from the equation (17) and its behaviour with time is shown
in figure 8. One can see that there is a very short period for
the production of large entropy and then the universe goes to
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FIG. 8. Behaviour of rate of change of specific entropy with time
V. STABILITY AND ATTRACTOR STRUCTURE
We have seen earlier that with ! < 0, our solution asymp-
totically approaches the de-Sitter solution with  = 0 and
_ = 0. To study the stability of this asymptotic de-Sitter so-
lution, we have performed a qualitative analysis of the system


























FIG. 9. Phase plot and vector field for (43)-(44)
This equation can be written as a plane autonomous system:





























We have studied the stability around the critical point (0,0).
Linearising (43)-(44) at the critical point (0; 0) and solving
for the eigenvalues of the characteristic equation of the linear
system, we find (See Appendix)













For the solution to be stable at (0; 0), both the eigenvalues
should be negative which gives a restriction on ! as
−3
2
< ! < 0: (46)
The phase plane for the system (43)-(44) is shown in the figure
(9) for ! = −1; m = 1 and H0 = 0:2. It can be seen that
whatever be the intitial conditions, the solution approaches
the critical point (0; 0) which is the de-Sitter solution. The
point (0; 0) is an attractor for the system (43)− (44).
VI. CONCLUSION
The behaviour of the viscous fluid flat FRW models with
self-interacting scalar field has been studied in the full Israel-
Stewart theory of irreversible thermodynamics. We have not
assumed any particular choice for the potential rather we have
written all the physical variables in terms of a generating func-
tion G() and shown that for different choices of this function,
one can generate different kinds of potentials. We have solved
our system of equations for a particular choice of G() for
which the potential is an usual symmetry breaking one. We
have also shown that for a certain choice of the parameters,
the solutions represent an initial inflationary universe, then an
intermediate deflationary era and finally it asymptotically ap-
proaches the de-Sitter universe.
The stability of the critical point (0,0) which is the de-Sitter
universe has been studied and it has been shown that under
certain restrictions on the arbitary parameters the asymptoti-
cally de-Sitter universe is stable and represents an attractor-
like behaviour since for a large number of initial conditions,
the solution approaches the de-Sitter solution in late times. We
have also calculated the rate of production of entropy which
shows that there exists a short period of large entropy produc-
tion and then an adiabatic phase with the rate of production
of entropy becoming zero. The behaviour of the deceleration
parameter q and the equation of state for the scalar field w are
similar to that in the recently speculated “Quintessence mod-
els”.
APPENDIX: STABILITY OF THE CRITICAL POINT (0,0)
In order to study the stability of the critical point (0,0), we
expand the dynamical variables at this point as
 = 0 + u; (A.1)
x = 0 + v: (A.2)
The equations (43) - (44) yield, to first order in the perturba-
tions





















Solving this equation, we obtain the eigenvalues as













We see that the eigenvalue − is always negative. For the
















This condition gives us the range of allowed values of ! as
−3
2
< ! < 0: (A.8)
In our discussions, we therefore choose ! = −1.
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